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Thermoelectric and Seebeck coefficients of granular metals
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In this work we present a detailed study and derivation of the thermopower and thermoelectric coefficient of
nanogranular metals at large tunneling conductance between the grains, gr> 1. An important criterion for the
performance of a thermoelectric device is the thermodynamic figure of merit which is derived using the kinetic
coefficients of granular metals. All results are valid at intermediate temperatures, E.>T/gr> 6, where & is the
mean energy-level spacing for a single grain and E,. is its charging energy. We show that the electron-electron
interaction leads to an increase in the thermopower with decreasing grain size and discuss our results in light
of future generation thermoelectric materials for low-temperature applications. The behavior of the figure of
merit depending on system parameters such as grain size, tunneling conductance, and temperature is presented.
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I. INTRODUCTION

Thermoelectric materials with high efficiency are a major
research area in condensed-matter physics and materials sci-
ence for several decades now. Due to recent advances in
nanofabrication, these materials promise next generation de-
vices for conversion of thermal energy to electrical energy,
and vice versa. A measure for the performance or efficiency
of a thermoelectric material is the dimensionless figure of
merit, usually denoted as ZT, where T is the temperature. It
depends on the thermopower or Seebeck coefficient and the
electric and thermal conductivities.!> However, the
Wiedemann-Franz law has defeated much progress in in-
creasing the performance of bulk materials, since it directly
relates electric and thermal conductivities whereas the figure
of merit is proportional to the quotient of both. The Seebeck
coefficient of a material measures the magnitude of an in-
duced thermoelectric voltage in response to a temperature
difference across that material. If the temperature difference
AT between the two ends of a material is small, then the
thermopower, S, of the material is defined as S=—AV/AT,
where AV is the voltage difference across a sample.

In general, thermoelectric devices are used as converters
for either electrical power into heating/cooling (Peltier ef-
fect) or sources of different temperature into electricity (See-
beck effect). These devices are usually much simpler, espe-
cially without moving parts, than conventional devices, e.g.,
two-phase compressors for cooling, and therefore more reli-
able. However, for both effects the materials need to have a
good electrical conductivity to minimize Ohmic heating and
at the same time to be bad thermal conductors to avoid ther-
mal equilibration of the temperature gradient. Therefore, the
aim is to create materials which optimize these parameters
together with the thermopower. Currently thermoelectric de-
vices based on p-type- and n-type-doped semiconductor
junctions achieve only about 12% of the maximal theoretical
efficiency (as compared to 60% in conventional cooling
systems).’

To be competitive compared with conventional refrigera-
tors, one must develop thermoelectric materials with large
ZT. The highest figure of merit for bulk thermoelectric ma-
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terials is about 1, but in order to match the efficiency of
mechanical systems, ZT~9 is needed.’ However, for
ZT=2 thermoelectric applications become economically
competitive.>~ Although it is possible in principle to develop
homogeneous materials with that large figure of merit, there
are no concrete devices on the horizon. Especially promising
for further improvement in efficiency are inhomogeneous/
granular thermoelectric materials,'® in which one can di-
rectly control the system parameters. In Ref. 11 a figure of
merit at 300 K of 2.4 for a layered nanoscale structure and
later in Ref. 12 a ZT of 3.2 at about 600 K for a bulk material
with nanoscale inclusions were reported.

Overall, recent years have seen a remarkable progress in
the design of granular conductors with controllable structure
parameters. Granules can be capped with organic (ligands) or
inorganic molecules which connect and regulate the coupling
between them. Altering the size and shape of granules one
can regulate quantum confinement effects. In particular, tun-
ing microscopic parameters one can vary the granular mate-
rials from being relatively good metals to pronounced insu-
lators as a function of the strength of electron-tunneling
couplings between conducting grains.'3-!> This makes granu-
lar conductors a perfect exemplary system for studying ther-
moelectric and related phenomena. All these experimental
achievements and technological prospects call for a compre-
hensive theory that is able to provide quantitative description
of not only the electric but also the thermoelectric properties
of granular conductors, which in the future can serve as a
basis for a clever design of devices for a new generation of
nanothermoelectrics.

The most theoretical progress so far was achieved by the
numerical solution of phenomenological models.!®!” How-
ever, no analytical results obtained from a microscopic
model for coupled nanodot/grain systems is available up to
now. Thus, the fundamental question that remains open is
how thermoelectric coefficient and thermopower behave in
nanogranular thermoelectric materials. Here, we make a step
toward answering this question for granular metals at inter-
mediate temperatures by generalizing our approach'® re-
cently developed for the description of electric'® and heat
transport.”’ In particular, we will answer the question to what
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extent quantum and confinement effects in nanostructures are
important in changing ZT.

In this paper we investigate the thermopower S, thermo-
electric coefficient 7, and the figure of merit ZT of granular
samples focusing on the case of large tunneling conductance
between the grains, g;> 1. Without Coulomb interaction the
granular system would be a good metal in this limit, and our
task is to include charging effects in the theory. We further-
more restrict our considerations to the case of intermediate
temperatures,

E.>Tig;> 6, (1)

where & is the mean level spacing of a single grain and E,. is
the charging energy. The left inequality means that the tem-
perature is not high enough such that Coulomb effects are
pronounced. It also allows us to perform all the calculations
up to logarithmic accuracy. The right inequality allows us to
consider the electronic motion as coherent within the grains;
however this coherence does not extend to scales larger than
the size of a single grain.'® In Ref. 21 we presented a few
major results which we extend here and describe the deriva-
tions in much more detail.

This paper is organized as follows. In Sec. II we summa-
rize our main results and discuss their range of applicabili-
ties, in Sec. III we introduce the model, and in Sec. IV we
outline the derivation of the thermoelectric coefficient of
granular metals in and without the presence of interaction
which is the main result of this paper. In the following sec-
tion we discuss the behavior of the Seebeck coefficient and
figure of merit (Sec. V) as a function of sample parameters.
Finally, in Sec. VI we discuss our findings and present pos-
sible further applications of our method. Important details of
our calculations are presented in several comprehensive ap-
pendixes; in Appendix A we calculate the thermoelectric co-
efficient of homogeneous disorder metals in the absence of
interaction. In Appendix B we derive the heat and electric
currents of granular metals, and in Appendixes C and D we
calculate the thermoelectric coefficient of granular metals
without and in the presence of interaction, respectively.

II. RESULTS AND SUMMARY

In this section we summarize our results and discuss their
range of applicabilities. The main results of our work are as
follows. (i) We derive the expression for the thermoelectric
coefficient # of granular metals that includes corrections due
to Coulomb interaction at temperatures 7> g6, where & is
the mean level spacing of a single grain,

1 E
= 77«»(1 _ —1néL>. (2a)
4g/d T
Here
70 == (713)ega®(Tley) (2b)

is the thermoelectric coefficient of granular materials in the
absence of electron-electron interaction with e as the electron
charge, a as the size of a single grain, d=2,3 as the dimen-
sionality of a sample, & as the Fermi energy, and E.=¢?/a
as the charging energy.
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The condition for the temperature range of our theory
ensures that the argument of the logarithm in Eq. (2a) is
much larger than 1, such that all numerical prefactors under
the logarithm can be neglected. Furthermore, it also defines a
critical lower limit for the grain size when the charging en-
ergy E. becomes of the order of the mean energy-level spac-
ing o.

At the temperatures under consideration, the electron mo-
tion is coherent within the grains, but coherence does not
extend to scales larger than the size a of a single grain.'®
Under these conditions, the electric conductivity o and the

electric thermal conductivity « are given by the
expressions! %2022
o
—o =1 —In(g;E/T)/(2mdgy), (3a)
o

3y, d=3

K In[g.E,/T] 1

= + E 3b
0 27%Th§%£,d=2, (36)

2mdgr

where
¥ =2¢%g;a? and kK0 =LyeOT (3¢)

are the electric (including spin) and thermal conductivities of
granular metals in the absence of Coulomb interaction with
Ly="/3¢?* as the Lorentz number. We mention that at tem-
peratures 7> g6 the correction to the thermoelectric coeffi-
cient, Eq. (2a), has a T'In T dependence in both d=2,3 di-
mensions which is similar to the result for the electric
conductivity, Eq. (3a), having a In T dependence in all di-
mensions as well.

(ii) Using the above results, we obtain the expression for
thermopower S of granular metals,

o s<0>(1 . W_-Zlngr_Ec), (42)
4mgd T
where
SO = (7%16)(1/e)(T/ey) (4b)

is the thermopower of granular metals in the absence of Cou-
lomb interaction.
(iii) Finally, we find the figure of merit to be

37, d=3
i _ m— 2 gTEc 1 E
7207 T omgd T %¥&<mg;2 d=2,
(5a)
where
ZOT = (72/12)(T/e)? (5b)

is the bare figure of merit of granular materials and 7y
~(.355 is a numerical coefficient. In Sec. V we present plots
of Z in dependence of various sample parameters. We find
that the influence of granularity is most effective for small
grain sizes and the presence of Coulomb interaction de-
creases the figure of merit.
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At this point we remark that all results are obtained in the
absence of phonons which become relevant only at higher
temperatures. At the end of this paper we will briefly discuss
their influence.

III. MODEL

We start our considerations with the introduction of our
model. We consider a d-dimensional array of metallic grains
with Coulomb interaction between electrons. The motion of
electrons inside the grains is diffusive, i.e., the electron’s
mean-free path € is smaller than the grain size a, and they
tunnel from grain to grain. We assume that the sample would
be a good metal in the absence of Coulomb interaction.
However, we also assume that the tunneling conductance g
is still smaller than the grain conductance g, meaning that
the granular structure is pronounced and the resistivity is
controlled by tunneling between grains. Each grain is char-
acterized by two energy scales: (i) the mean energy-level
spacing 8 and (ii) the charging energy E.=e?/a (for a typical
grain size of a=10 nm, E, is of the order of 2000 K), and
we assume that the condition 6<<E. is fulfilled.

The system of coupled metallic grains is described by the

Hamiltonian H =E,~I:I ;» where the sum is taken over all grains
in the system and

H = E Edl g+ >, —1 + > (t”qalpa]q +cc.). (6)
J#i 2le J:p4q

The first term on the right-hand side (rhs) of Eq. (6) de-
scribes the ith isolated disordered grain, dj:k(d,-’k) are the cre-
ation (annihilation) operators for an electron in the state k
and &=k*/2m—u with u being the chemical potential

The second term describes the charging energy, C;; is the
capacitance matrix, and 7;= Ekalka i« 1S the number operator
for electrons in the ith grain. The Coulomb interaction is
long ranged and its off-diagonal components cannot be ne-
glected. Note that since metallic grains have an infinite di-
electric constant, the effective dielectric constant of the
whole sample can be considerably larger than the dielectric
constant of its insulating component. Thus the effective
single-grain charging energy can be much less than the elec-
trostatic energy of a single grain in vacuum.

The last term in Eq. (6) is the tunneling part of the Hamil-
tonian where #; are the tunnel matrix elements between
grains i and j which we consider to be random Gaussian
variables defined by their correlators

ij PP CI(I’

<t;;.”i’1jtf]!’qj> =125, 8 (7)

r —tO const. The dimensionless tunneling conductance is re-
lated to the average matrix elements as

gr= 27T(t(2)/52). (8)
The conductance gy is defined per one spin component, such

that, for example, the high-temperature (Drude) conductivity
of a periodic granular sample is 0¥ =2¢2ga%¢
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IV. THERMOELECTRIC COEFFICIENT

Having introduced our model in the previous section, we
come now to the main methodical part of our work, the deri-
vation of the thermoelectric coefficient 7. In general the
three kinetic coefficients are the electric conductivity o, the
thermoelectric coefficient #, and the thermal conductivity «.
They are related to the Matsubara response functions L@
with a, B e {e,h} (Refs. 3, 4, and 23) as

jO == (L(eT)) V (eV) = (L“P/(eT?) V T,

j(h) —_ (L(Em/(eT)) \ (eV) _ (L(hh)/TZ) VT. (9a)

Here j© (jV) is the electric (thermal) current and V is the
electrostatic potential. From Eq. (9a) one finds that

o=L"“)YT, n=L"T,

S=—AV/AT=L")(TL?), (9b)
where the response functions are given by Kubo formulas

110

LB — _
a’9Q

0—0

1T
xl f dre'“m%nj(“)(r)j“”(o»} ,
0

Q,—-10+8
(10)

with T, being the time-ordering operator for the currents with
respect to the imaginary time 7. Thus, to calculate the ther-
moelectric coefficient 7 and thermopower S of granular met-
als, one has to know the explicit form of the electric j(e) and
thermal j* currents.

The electric current J,e) through grain i is defined as

,]1(6) = Ejfje) = edﬁi/dt = lé‘[ﬁi,l:l]. (1 la)
J

Straightforward calculations (see Appendix B) lead to

(e) = lEE (tk"alka —t ajqalk) (11b)
For granular metals the thermal current operator
il = EJ, (12a)

can be obtained as follows. The energy content of each grain
changes as a function of time, such that dH,/dt=i[H;,H].
Energy conservation requires that this energy flows to other
grains in the system, dﬁi/ thEj]Ag'). Calculating the com-
mutator [H;,H], we obtain (for details see Appendix B)

7(h.,0)

T = g0 4 Jun, (12b)

A(h 0) _ E _q[qu ata. —kat a4

Ajljqg — Lji djg it> (12¢)
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FIG. 1.
current operator, Eq. (12b); vertex (a) corresponds to _]Ag”o) and (b)

(Color online) Vertices corresponding to the thermal

corresponds to jfjhl) The solid lines denote the propagator of elec-
trons, the thick wavy line describes Coulomb interaction, the tun-
neling vertices are described by the circles, and w,=7T(2n+1) and
Q,,=27mT are fermionic and bosonic Matsubara frequencies, re-
spectively (n,m € 7).

J 1) _ 52 l{n, ,J,,3}+ {A; Jen,

, 12d
4 Clm ij :| ( )

m

where {Aéh denotes the anticommutator. The contribution

J(h 0 is the heat current in the absence of the electron-

electron interaction, while the second term J(jh 2 appears due

to Coulomb interaction. Equation (12b) implies that the ther-
mal current operator must be associated with two different
vertices in a diagram representation, Fig. 1. We remark that
Eq. (6) also suggests a finite contribution to .](h) proportional
to >—which indeed exists. However, it vanishes when
summed over the sample (for details see Appendix B).

For large tunneling conductance, the Matsubara thermal
current—electric current correlator—can be analyzed pertur-
batively in 1/g7, using the diagrammatic technique discussed
in Ref. 18 that we briefly outline below. The self-energy of
the averaged single electron Green’s function has two con-
tributions. The first one corresponds to scattering by impuri-
ties inside a single grain while the second is due to the pro-
cess of scattering between the grains. The former results only
in a small renormalization of the relaxation time which de-
pends in general on the electron energy w as
7= 1+ (d2 - Doleg], (13)

w

which is a result of the renormalization of the density of
states (DOS) at the Fermi surface [see Egs. (A8) and (A9)].

In the following we outline the calculation of thermoelec-
tric coefficient % in the noninteracting case and its correction
due to Coulomb interaction. A detailed derivation of both can
be found in Appendixes C and D, respectively.

A. Noninteracting case

First, we consider the thermoelectric coefficient 7* of
granular metals in the absence of interaction. The expression
for the thermoelectric coefficient in the linear-response
theory is

J
0_, = ©) 14
Y l AT a0 Q=0Q (14)

Here a is the grain size and Q') is the correlator of the heat
current, J0) [see Fig. 1(a)], and electric current, J*), shown
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FIG. 2. (Color online) Diagrams describing the thermoelectric
coefficient of granular metals at temperatures 7> g8, diagram (a)
corresponds to 7, in Eq. (2a). Diagrams (b)—(d) describe the first-
order corrections to the thermoelectric coefficient of granular metals
7D in Eq. (25) due to the electron-electron interaction. The solid
lines denote the propagator of electrons, the wavy lines describe the
effective screened electron-electron propagator, and the (red) tri-
angles describe the elastic interaction of electrons with impurities.
The tunneling vertices are described by the circles. The sum of
diagrams (b)—(d) results in the thermoelectric coefficient correction
7V given in Eq. (33).

in Fig. 2(a). Notice, that there is an important difference
between the calculations of the thermoelectric coefficient »
and thermopower S and the calculations of the electric o and
thermal « conductivities in Egs. (3a) and (3b). Indeed, to
calculate o and « it was sufficient to approximate the tunnel-
ing matrix element #7 as a constant # which is evaluated at
the Fermi surface and neglect variations in # with energy
which occur on the scale 7/ . However, this approximation
is insufficient for calculating the thermoelectric coefficient 7
and thermopower § since the dominant contribution to these
quantities vanishes due to the particle-hole symmetry such
that both quantities are proportional to the small parameter
T/ep. Since it is necessary to take into account terms of the
order of T/&g in order to obtain a nonzero result for » and S,
the corresponding expansions must be carried out to this or-
der for all quantities which depend on energy.

For granular metals the important element of the diagram
is the tunneling matrix elements tf-‘jq describing the coupling
between grains i and j. Therefore we derive an expression
for t]“’ in the followmg, assuming that i and j are nearest-
nelghbor grains and 7 jq is independent of the position in the
sample. In order to calculate the energy dependence of these
elements we assume the tunneling barrier between grains to
be a delta potential. For the one-particle Hamiltonian

H=- o d-2 +\8(x), with \ being the strength of the potential,
the transmission rate for a single particle with energy
g,=ep+§, is

T _<1+m_}\2)_1~|:1+ mh” (1 &ler) :
P Zﬁzep 2h%ey P! OF

=To(1+ T, = &Jep) ™ (15)

Here T,= % is the transmission rate at the Fermi level, and
.
we use the fact that §p<sp. Next, we consider the case of
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large barriers, in this regime 7,=T,(1+¢,/ep). In granular
systems we have many channels and have to consider tun-
neling processes with energy §; in grain i and with &; in the
neighboring grain j, t2<><N(T2 +T2) Thus, the final expres-

sion for the tunneling matrix element 1s

fz(fi’fj)=t(2)<l +§i_+§1>’ (16)
eF

where ¢, is the constant tunneling matrix element evaluated
at the Fermi surface. For convenience we use i=1 and j=2 in
the following. Using Eq. (16) we obtain the following ex-
pression for the correlation function in Eq. (14):

d'p, d° +
Q(O) —_ setST(ﬁ(eO) . ﬁ(ho)>2 a2d+2f Py 4Py [51 §2]

Cmiemi 2
x [1 + &+ 6

€r

Wy

:|G(pl’wn)G(p2’wn+ Qm)’ (173)

where n(o) is the unit vector in the direction of the current
aefe, h} (7, 07 O))— 1/d is the result of averaging over the
angles, the summation goes over the fermionic Matsubara
frequencies w,=27T(n+1/2), and G(p, w,) is the Matsubara
Green’s function

G(p’wn) = [lwn - ‘fp * l/(2Ta))]_l s

with §,=¢,—&, being the electron energy with respect to the
Fermi energy [&,=p?/(2m)] and the (energy) relaxation time
7, is defined in Eq. (13). To shorten the notation, we neglect
the momentum argument in the following and attach the
grain index to the Green’s function G. The two & factors
under the integration in Eq. (17a) arise from the heat current,
Eq. (12b), and the energy correction of the tunneling ele-
ment, Eq. (16). The momentum integrals in Eq. (17a) are
transformed into energy integrals taking into account the
first-order corrections in &/ &y of the Jacobian [see Eq. (A7)
of Appendix Al.

We first perform the analytical continuation over the fer-
mionic Matsubara frequencies ,=2#T(n+1/2) in Egq.
(17a). In order to accomplish that, the analytical structure of
diagram (a) in Fig. 2 needs to be analyzed, which gives rise
to three different regions for the Matsubara summations,
I,=1-°;-Q,]1, L=1-Q,,;0[, I=[0;%[, in which we can
determine whether the Green’s function is retarded, G~ (w),
or advanced, G*(w),

(17b)

Sl = 2 GI((D,,)GE((I)” + Qm)

nely

:f_ tanh( )G( 1w +10)G5(—1w), (18a)

S, = >, GHw,)Gy(w,+Q,,) = f477 Ttanh(%)

nel,
X[Gi(-10)G3 (- 10— 1Q) = G{(- 10+ 1Q)G5 (- 10)],
(18b)
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S3 = E GT(wn)G;(wn + Qm)

nely

=f ;:lrta“h(n>G (- 10)Gh(-10-19). (18c)

To calculate 7” in Eq. (14) we now consider the derivative
of §1+5,+S5; with respect to the bosonic frequencies %| Q=0-
For brevity we omit the arguments —iw of the Green’s func-
tions, leading to

20 (81 +8,+353)

0=0

f_d"’t h( w) "1 L ecig6r|. 9
= n
471'1TEl 2T 7'2 272

Next, one can perform the integration over variables &; and
&, using Egs. (13) and (20) and the residuum theorem

fd§1d§2812(§1,§2)GTGTGEG;

d
=477272{2w+1/7'0+ 2—(2w+1/7'0)2], (20a)
e€F

with

(fl + 52)2

€r

gnéL&) =6+ &6+ (20b)

As a result we obtain the following expression for the de-
rivative of the correlation function:

J 1

7 o__TS 12 2442 (0) 2_] d
dQ) QZOQ 161 ¢ ( ) TSF

[2+ (d12 = Di/(1yep) Po?

cosh?(w/(27T))

i 77

__ _Setgazmz(vglo))z_. 21)
31 er

Here all contributions of order 1/ 8% or smaller are neglected
in the final expression. Substituting this result, Eq. (21), into
Eq. (14) we finally obtain the following expression for the
noninteracting thermoelectric coefficient of granular metals:
7% =- ﬁeﬁ 230y — L (22)
3 Ef
One can rewnte this expresswn using the relations Vd Dd
=gra®?, VW=(8a?)"', and 3=g;6%/(27), where D, is the
diffusion constant, gy is the tunneling conductance, and & is
the mean level spacing, giving

s
7% =- o cgra(Tlep). (23)

B. Correction due to Coulomb interaction

Now, we consider the correction 7](') to the thermoelectric
coefficient of granular metals due to electron-electron inter-
action,
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n=7"+7", (24)

where 79 is given by Eq. (22). Analogously to 7
be obtained from

, 7'V can

d

(1 _
adT(?Q Q=0

0" +0@+ W), (25)

where the diagrams Q", 0@, and Q® contributing to 7"
are shown in Figs. 2(b)-2(d). Detailed calculations of 7"
are presented in Appendix D. However, here we outline the
main steps of this derivation. These three diagrams include
the effect of elastic scattering of electron at impurities de-
scribed by diffusons,
D =1,(1Q + €,9), (26a)
with
€= 2gT[2d - 2; cos(g - ﬁ)], (26b)

where E stands for the summation over all directions and
orientations {+a 91 and the effect of the dynamically

screened Coulomb potential V(g,Q,)=DV(q,Q,)D,
2E(q)

‘7(61’9) = s
l Ti,[|Ql| + 4E(,(q)6q:|[|9l| + 6(/5]
V(g, Q) ( L >_1 (27a)
Q’ i = 9 a
2EC(Q) |‘Qt| + Eq5
where we use the notation
, | —In(ga),
e
E(q)=—\7q, d=2 (27b)
a
2mlq?,  d=3.

Each diagram in Fig. 2 also has two types of renormalized
interaction vertices: (i) the intergrain vertex

2E(q) 2, cos(q - a)

(1)
Po (@)= f(z TR0+ AE @) & 1 + 3]
(28)
and (ii) the intragrain vertex
2E.(q)2d
()= f(z ) T[] +4E ()€, 1] + €,6]
(29)

Explicitly, the contribution Q" in Eq. (25) [diagram (b) in

Fig. 2] is given by

K
Q(l) —_ ZZet%Tzazmz(V(do))z

X 2

wn’Qi

d&dég pF1* Y0, (30a)

where the function g, is defined in Eq. (20b) and we use the
notation
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F(5 1525354) _

=G\ (0w, +Q,)GHw,+Q,, + Q)

X G 0,) G5 (w, + Q)), (30b)

where s;==* denote the analytic structure of the Green’s
functions implying restrictions on the frequency summation.

For the contribution 0 in Eq. (25) [diagram (c) in Fig.
2] we have the following expression:

Q(Z) - _ Z_det T2 2d+2( (0))2

X X | d&dég FSrrYeR(Q),  (31a)
,,€);

where we use the notation

FS129 =[G, + Q,) PGP0, + Q,, + Q)G (w,).

(31b)
The diagram O, shown in Fig. 2(d), describes the con-
tribution of the correlation function with the interaction part

of the heat current operator, Jl]h ‘) [second term in the right-
hand side of Eq. (12b)], and therefore has a different struc-
ture in comparison with contributions 0" and 0@,

S
Q(3) - _ ZetéTZaz‘”z(vgo))z

X X | d&dég FSrYds(Q,g),  (32a)
wn,&),-
where
F192%9) = G, + Q,, + Q) G20, + Q,,) G (w,),

g3=2[1 + L é»]. (32b)

2¢e F
The main contribution to 7" from diagram Q® is of the
order of (T/&)?, whereas Q" and Q¥ have 1/¢& contribu-
tions. Therefore we will not consider diagram Q© any fur-
ther but keep contributions of order 7/& only.

Thus, the first-order interaction corrections to the thermo-
electric coefficient are only generated by diagrams (b) and
(c) in Fig. 2. Substituting Egs. (30a) and (31a) into Eq. (25)
after summation over the fermionic, w,, and bosonic, (};,
frequencies and analytical continuation, we obtained (see
Appendix D for details)

(0) d
7](1)2 U ( a ) fdd In
2mgr\ 2

where the q integration goes over the d-dimensional sphere
with radius 7r/a. Integrating over q in Eq. (33), neglecting
all constants under the logarithm, in two and three dimen-
sions, we obtain the following expressions:

(1) _ ﬂ Egr () _ 77(0) lnEch

=— In s
D 8gr T D = lng T

which lead to Eq. (2a).

2E.(q)€q
T } (33)

. (34

235403-6
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V. THERMOPOWER AND FIGURE OF MERIT

Now we have the expressions for all three kinetic coeffi-
cients o, «, and 7 for granular metals of order 7/ep. Based
on these, we can derive other thermodynamic quantities—in
particular we discuss the thermopower (Seebeck coefficient)
and figure of merit in this section. Both quantities are rel-
evant parameters for thermocouples; the thermopower is a
measure the change in voltage due to a temperature gradient
and the figure of merit is a measure for the performance of
the device.

The thermopower is related to the kinetic coefficients as

[see Eq. (9b)]
S=7nlo. (35a)

Again, we only consider terms up to the order of 7/&y and
obtain the expression

Ao
O\ 0 " 50 )

(35b)

which results in Eq. (4a).
The dimensionless figure of merit is related to the kinetic
coefficients as

ZT =Ty /(oK) = S*0T/k, (36a)
giving
(S(O))20<O)T PO () NG
ZT:—K(O) 1 _E+W+2W ,  (36b)

resulting in Eq. (5a), which has the lowest order (T/ey)* [Eq.
(5b)]. In Eq. (36b) «'V, o'V, and SV are corrections to the
thermal conductivity, electrical conductivity, and the Seebeck
coefficient due to Coulomb interaction, respectively. The nu-
merical coefficient 2 in front of the last term reflects the fact
that the Seebeck coefficient appears squared in the definition
of ZT. Using Eqgs. (4a) and (36b) one can see that the second
term of the right-hand side of Eq. (5a) originates due to
correction to the Seebeck coefficient, Eq. (4a). The origin of

a[nm]

FIG. 3. (Color online) Plots of the dimensionless figure of merit
Z1ZO ys grain size a (in nm)—for different values of the dimen-
sionless tunneling conductance g7 (see legend); the upper panel is
for the three-dimensional (3D) case and the lower for the two-
dimensional (2D). All curves are plotted for 7=100 K. At this tem-
perature, the dimensionless bare figure of merit for granular metals
is ZO0T~107.
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10 _
o
0.9 <
08 N
1.0 0.7
0.9 ;
5 0.8
N 0.7
Nos
0.5 =
042 4 6 8 10

FIG. 4. (Color online) Plots of the dimensionless figure of merit
Z/Z© vs tunneling conductance g;—for different values of grain
sizes a (see legend); the upper panel is for the 3D case and the
lower for the 2D. All curves are plotted for 7=100 K.

the third term in Eq. (5a) is due to the correction to the
thermal conductivity, «, last term on the right-hand side of
Eq. (3b). We mention that the second term on the right-hand
side of Eq. (3b) cancels with the correction to the electrical
conductivity, Eq. (3a), after the substitution into Eq. (36b).

In Fig. 3 the dependences of Z on the grain size a and in
Fig. 4 on the tunneling conductance g, for two- and three-
dimensional samples are shown. Figure 5 shows the tempera-
ture dependence of the figure of merit. These plots show that
the correction term to Z7 is most effective for small grain at
not very high tunneling conductance and at low tempera-
tures.

VI. DISCUSSIONS

In the presence of interaction effects and not very low
temperatures 7> g8, granular metals behave differently
from homogeneous disorder metals. However, in the absence
of interactions the result for 7'*) below Eq. (2a) [or Eq. (23)]
coincides with the thermoelectric coefficient of homoge-
neous disordered metals (see Appendix A),

70 == (219)epp(7,T). (37)

with pr being the Fermi momentum. One can expect that at
low temperatures, 7<<g;6, even in the presence of Coulomb

1
3D:a=10nm
0.9 2D: a=10nm
S 0.8 e 3D: a=5nm ]
N
N 0.7t ;
06! m
0.5

0 20 40 60 80 100
T [K]

FIG. 5. (Color online) Plots of the dimensionless figure of merit
Z1Z9 vs temperature T for gy=5 (upper two graphs) and gr=2
(lower two graphs) and grain size a=5 and 10 nm and d=2,3.
Legends are next to the corresponding curves.
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interaction the behavior of thermoelectric coefficient and
thermopower of granular metals is similar to the behavior of
Thom aNd Spom: however this temperature range is beyond the
scope of the present paper. Our results for thermopower (4a)
and figure of merit (5a) show that the influence of Coulomb
interaction is most effective for small grains. The ther-
mopower S? decreases with the grain size which is a result of
the delicate competition of the corrections of the thermoelec-
tric coefficient (2a) and the electric conductivity (3a). In par-
ticular, if the numerical prefactor of the correction to »
would be slightly smaller, the sign of the correction to S
would change.

Above we only considered the electron contribution to the
figure of merit. At higher temperatures 7> T, where

R
T~ \r’gﬂ:éh/lpha (38)

is a characteristic temperature with [, and cy, being the
phonon-scattering length and phonon velocity, respectively,?’
phonons will provide an independent additional contribution
to the thermal transport,

Kon = T/ o (39)

However, the phonon contribution can be neglected for tem-
peratures

gro<T<T. (40)

A detailed study of the influence of phonons at high tempera-
tures, including room temperature, will be the subject of a
forthcoming work.

So far, we ignored the fact that the electron-electron in-
teractions also renormalize the chemical potential u. In gen-
eral, this renormalization may affect the kinetic coefficients,
since the thermal current vertex, Fig. 1, as well as the elec-
tron Green’s functions depend on u. In particular one needs
to replace V(eV)— V(eV+pu) in Eq. (9a). To the first order in
the interactions, the renormalization of u only leads to cor-
rections to diagram (a) in Fig. 2. As can be easily shown, for
this diagram the renormalization of the heat and electric cur-
rent vertices is exactly canceled by the renormalization of the
two electron propagators. Therefore, the renormalization of
the chemical potential does not affect our results in the lead-
ing order.

Finally, we remark that the bare figure of merit Z(T for
granular metals at g;>1 and 100 K is of the order of only
1074, Therefore these materials are not suitable for effective
thermoelectrics but should be replaced by granular semicon-
ductors with gr<<1. However, the case of granular metals is
still relevant for low-temperature applications in, e.g., ther-
mocouples. Therefore we conclude this paragraph by dis-
cussing the dimensionless figure of merit ZT of granular ma-
terials at weak coupling between the grains, g7<<1. In this
regime the electronic contribution to the thermal conductiv-
ity k, of granular metals was recently investigated in Ref. 24,
where it was shown that

Kk, ~ 3T IE2. (41)

In this regime the electric conductivity of granular metals
obeys the law!%22

PHYSICAL REVIEW B 79, 235403 (2009)

FIG. 6. (Color online) Lowest-order diagram for the heat-
electric current correlator for homogeneous disordered metals. The
external bosonic frequency is denoted by () (wavy lines) and the
internal fermionic frequency by w (straight lines). The electric and
heat current vertexes are j_; and j_,:, respectively.

o~ grexp(-EJT). (42)

However, an expression for the thermoelectric coefficient in
this region is not available yet, but recently it has been pro-
posed, based on experiment, that nanostructured thermoelec-
tric materials in the low coupling region (AgPb,,SbTe,,,,,
Bi,Te;/Sb,Te;, or CoSbs) (Refs. 10, 12, and 25-27) can
have higher figures of merit than their bulk counterparts.

In conclusion, we have investigated the thermoelectric co-
efficient and thermopower of granular nanomaterials in the
limit of large tunneling conductance between the grains and
temperatures 7> gr6. We have shown to what extent quan-
tum and confinement effects in granular metals are important
in changing ZT depending on system parameters. We also
presented the details of our calculations.
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APPENDIX A: THERMOELECTRIC COEFFICIENT OF
HOMOGENEOUS DISORDERED METALS IN THE
ABSENCE OF INTERACTION

In order to demonstrate the important steps of our calcu-
lations, we present a derivation of the thermoelectric coeffi-
cient for homogeneous disordered metals in the absence of
interaction in this appendix. In the linear-response theory the
thermoelectric coefficient can be written as

(0) 9 A(O), (A1)

n 1
LIToQ | g

where the diagrammatic representation of the correlator A
is shown in Fig. 6 with electric and heat current vertexes

- - 1 .
Je= =X Fa, Ji= g, (A2)
mp m

respectively. The sums over the momentum are transformed
into integrals X, — (ﬁ)d [d%p by which we can transform the
sum over the momentum product to [d%,[d'p,p.-p),
=fdd efddph|ﬁe|2<ﬁe'ﬁh>5(ﬁe_ﬁh)(27ﬂ-)d7 where ﬁa is the unit
vector in the direction of the current « € {e,h}. Averaging
over angles gives (7i,-71,)=1/d, and therefore

235403-8
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A(O)(k,Qm) =

s e d’p

T Ld ~12

dm? % J(zw)d“" &
XG(p+k,ow,+Q,)G(p,v,), (A3)

where s is the spin degeneracy factor, (), is an external
bosonic Matsubara frequency, and G(p,w,) is the
momentum-dependent Matsubara Green’s function. In the
following we only consider the case of the zero external
momentum, k=0. For the advanced (in C*) and retarded (in
C~) Green’s function, we use

Gi(p9wn) = [lwn - gp * l/(ZTa))]_l 5

where §,=¢g,—¢p is the electron energy with respect to the
Fermi energy [&,=p?/(2m)] and the (energy) relaxation time
7,, depends on the (real) frequency w.

The momentum integral in Eq. (A3) is transformed into
an energy integral as follows:

(A4)

Q221 g2
f(z 1P |)—TI F(2me)e @ de,
(A5)
where ), is the value of the angular integral

(€ ,3=1{2,27,4m7}). Since the Green’s function depends on
¢, we need to rewrite this integral using the de=d¢ and
921 =27 (1 4 £6,) 921,

J 8d/2—ld8 — 84[?/2—1J (l + §/8p)d/2_ld§
( -&

0 F
~ P! f [1+(d2=1)&epldé. (A6)

Combining Egs. (A5) and (A6) we obtain

d P ——
2 )df(|p|) = V(O)f ‘ |:1 + (5 - 1)5]]0(\"2’”('5_ er))dé,

(A7)

d/2 1
with /) —%ﬁ d2g4271 being the density of states

(DOS) at the Fermi surface.
The DOS (and 7,) depends on o via

dd
Vd(w) (2 )d 3G~
(0) (d/2)-1 dn-1
v 1+x/
=L|:1+2:| %dx, (A8)
T ep x +1

with ¥=27,e(1+w/ep) and the symbol J stands for the
imaginary part. However, the term x/X is neglected in the
integral; hence [ [(x*>+ 1) 'dx=]

T;l = 7'51 VdE((;;) ~ 7'61[1 +(di2 - 1)wl/eg]. (A9)
v

d

For convenience we drop the momentum argument of G in
the following, as well as the —i@ argument.
Using all the above equations we finally obtain

PHYSICAL REVIEW B 79, 235403 (2009)

©) 2s1e ) 0

7t o

>

0=0 w,

1
X
Hw,+Q,,) — &+1sgn(w, +,)/(27)

1
o~ E+1sgn(w,)/(27)
(A10)

X[1+(d2-1)&ep]é(&- SF)la)

Here the derivative by the real external frequency, (), re-
quires the analytic continuation of the Matsubara expression.
For the following calculation of the w, sum and energy in-
tegral, it is convenient to introduce the notation

8:= [1+(d2-1)&ep]é(é—ep)

=—éep+ (2-d2)E + 0[Eer]. (A11)

Next, we split the sum over the fermionic Matsubara fre-
quencies ,=27T(n+1/2) into three intervals I;=]-o;
-0,.1, L=1-9,,;0[, I;=[0;%[ such that we can specify
the analytical structure of the Green’s function, i.e.,

O__ 251 0 9

=-== d
7 Vg ETo) Q:OJ §g§

dm
x[ S G (w,+9,)G (0)+ S G

nel; nely

X (@, + Q)G (w,) + 2 G0, +Q,)G(,) |.

nely

Now, we perform the analytical continuation of the sums to
real frequencies and at the same time of the external fre-
quency,

Si= 2 G (0,+9Q,)G(w,)

nel
—f_dth( )G( )G ( Q),
= H4mTan 2 -1l —lw+1
(A12)
S,= > GHw,+Q,)G (v,
nely
=
= tanh| —
r 4mT 2T
X[GH (=10 —1Q)G (- 1w) = G (-~ 10) G (- 10 + 1)) ],
(A13)
S3= 2 GHw,+9Q,)G"(w,)
nel3
[ 2 2ot
wdmr oy T i)
(A14)

Next, we rewrite the ) derivative of the integrant in terms of
w derivatives (arguments —iw are omitted),
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9
Q)

d

G-iwF1Q)= £ —G, (A15)
Jw

0=0

which is valid for both, advanced and retarded functions, and
therefore we can simplify

1%

Q)

[- G (—iw-
0=0

10)G+G G (—iw+1Q)]

= (GG +GHG)*=- i(G+G-),
Jw

19
— GG (= ON]==-G" N ()2
20 Q=0[ G G (—1w+1Q)] G (G) 2(9&)(G),
d 14
— G (= 10-10)G ] =- (GH)*G* = ——(GH)>.
Q Q=O[ (1w -10)G"]=-(G") 2aw( )

(A16)
Using Egs. (A15) and (A16) we can write the following:

Q)

tan h——{(G* G)%.

S +S5,+8
[S1+5,+55]= f8mT 2T dw

0=0
(A17)

We notice that at this point the o integration should not be
done by parts, since the boundary term is important.
We can now do the ¢ integration using the fact that
G -G =-(/7G*G",

+—\ 2
s [ {12
8§

(lo-é+1u2Do-E-u@2n])?

4-d
= 27{ 0> (4 - d) + e 2me} . (A18)
T

Here, the higher-order terms in g, are neglected. In Eq.
(A18) we need to keep the terms proportional to w” only;
therefore after the w expansion of 7=7, we obtain

E(w) =- 27 nyw’(4 - d) + 0’ 75(d — 2)] = - 4mrrye’.

(A19)
Finally
0)
,](o>=_£ﬂj do h(ﬂ)iﬂ(a})

d m Jgd4mT 2T
__ S 0h w'do
T 2dm ! T 1 cosh?(w/2T)

21
=- 3dS£V510)(TOT) (A20)

To perform the last integration we used the integral
1) £dx —712/ 6. In d=3 the density of states has the form

cosh?(x

510)3= ~—, leading to

PHYSICAL REVIEW B 79, 235403 (2009)

) _

s
7D = §ePF(ToT)- (A21)

APPENDIX B: HEAT AND ELECTRIC CURRENT
OPERATORS OF GRANULAR METALS

In this appendix we derive an expression for the heat and
electric current operators of granular metals in the presence
of Coulomb interaction. The Hamiltonian for the granular

system is H=2X,¢; where

€= E fdekaAi,k + 2 n; Cz] J
k

+ = E [tl] lkajq+tﬂ a, i, o
/kq

=94 &4 &0 (B1)

Here we introduce the notation ﬁiEEkéZkéi’k for the number
of electron within a grain i. The creation (annihilation) op-

erators  d; k(a, o satisfy the anticommutation relations
{alk,a/ q}Jr i0kg and {aka), (-3}+=0.
The electnc current through grain i is
dn;
—ld_:[nl,H] __EJU > (Bz)
and the heat current through grain i is
d¢ .
—z;— & H]= 12_], ) (B3)

Accordingly the total current operators are given by
Jen= iOzEij ", (B4)

where neo,)l are the unit directions of the current (electric field,

E, gradient) or heat (temperature, T, gradient) flows.

1. Electric current operator
First, we calculate the electric current. Since the number
operator of electrons 77; commutes with the first two terms of

H in Eq. (B2), i.e., [ﬁ,»;?fl]=[ﬁi;7:{<’)], we only need to cal-
culate

A K gat A k' At A
[n,,H(’ 1== > [al i k(ti,jqai,’k,aqu+ tji, a}iqai,,k,)
ki'jk'\q
Kgat A k' At A AT A
(t“jqal, wljg+ tjfi, a(}yqa,-r,kr)ai’kai,k]
kg At A Kat oA\ A
=2 (tijgai‘,kajsq -1 a;:qai,k) = Cz('m)- (B5)
Jk.q

As a result we get the following expression for the electric
current operator:

— k4T aig). (B6)

7o) _ kq AT A
Jij = lekz (tifaid; - 1fid;,
q
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2. Heat current operator

Second we turn to the heat current, for which we need to

calculate nine commutators [see Eq. (B3)],
;72[(/3)],

where « € {e,c,t} and operator él(“) was defined in Eq. (B1).
Since operators 71; commute with each other, four of the
commutators in Eq. (B7) vanish,

Cld =& (B7)

C(ee) C (cc) _ C (ec) _ C(ce) (B8)

The heat current operator can be conveniently written as a
sum of two contributions,

T =g gD, (B9)
~(h,0)

where the noninteracting part J;;* of the heat current origi-
nates from the sum of the commutators C\*’+C\"” and the

interacting part jfj") from the sum of C)+C").

a. Noninteracting part of the heat current operator

We first calculate the noninteracting part of the heat cur-
rent operator, JE;”O). That is, we consider the sum of commu-
tators C\’+C\"). A straightforward calculation leads to

C("’)—E > fk(alkazk[f,r]a'k'a +t Td""k/]

i’ gk gk
K'gat A gk’ At A AT A
=80 g0l + Tir @) i 0 a7 110

= E gk(tichdikd]q - lq a a, k) (BIO)

Jk.q

A ko AT A
Cl(te) — 2 fk’([tijqa;r,kaj et tﬂ a] qal k]a 4 k,d "k

jkqi’k’

l\JI'—‘

AT

—a; k,ark,[t a +t;11 ;q lk])

1

52 gqtljalka]q"'gkt a al](_gktl_]alka/(/
kg

1“
_gqtq T zk)

Using Egs. (B10) and (B11) we obtain for the sum

(B11)

Cled 4 o) = E [(§q+§k)f lka/fl (§k+§q) Ji Jq il

/kq
(B12)

As a result the noninteracting part of the heat current opera-
tor of granular metals has the form

0 &y gt KAt A
(’ ) = E —'i[t” aia;, t;’ia_}‘qa,-’k].

(B13)
b. Interacting part of the heat current operator
To obtain the expression for the interacting part of the

heat current operator jl(-j-"l), we need to consider the commu-

PHYSICAL REVIEW B 79, 235403 (2009)

kg At A

e .41, where 6(’)—-Ekq[t al,d;.,

tators of the form [e
+tqk AT Aix)- Using the calculatlon for C("’) [Eq. (B5)] we get

A(t) A k A A A A
Z[Eir_,-,”i] = E [t,‘rjq(aijakqai',k'ai,k - Gy 5kk’aj,kaj,q)
kk'.q

k' A
+ t;]i' (@irékkra;q 5 5]“1 lka ’ k’)]

kg At A kg At A
512 (170 44 g = ’jiq’a_/‘:k“i’,q)
k.q

L e
=~ 18~ 1) (B14)

For the following steps of the calculation of C” and C\"”), we
need the commutator [1,, ;jl(f)],

- _[nm’.],j ] E [nm(tz] az kajq z lk)
- (t qdjka tﬂ a] A7)

= )E (Z‘U al ka +tjl aj qal k)

=2(8i = O)) ég.). (B15)
To calculate the interacting part of the heat current operator

(h Y we need the following commutators:

4 o
(cf —1 4 A1) AN A 1
2 E (n C nlflrjr - ei'j'nicij n])
JEN
=1 2 C (8 = 8 U\ + [ 8 — 8310\ ))
ij i’ Ujrjr’%y Ji Ji i’
Jl J

—-EC‘ EJ,,, EJ,,,n+2nJﬂ, > Ad

-1
J

——Ec ALOY) = Jehi + 0L = T, (B16)
jm
4 e _ e A1)
—ZCi 22 ( ,nr—n,C,,nreU)
e
jl J
! — e “(e) A
=== 2 Coill8y;= & dindly + 18— Sl i)
j,i’,j’

=- _E |:E Cz ]l’l 'th +2 CI]’J’J l’l 7—2 Cl l}’l IJf;)
QN
ECI,, ]

E [(Cpli = Cod)n ]+ (Ci = Co)] i)
(B17)

Using the symmetry relations J,; J©=—1'9 and C:'=C:!, and

im mj Jm’
(7, ,Jl")] 21e( 8= 8,)) & &% [Eq. (B15)] we obtain
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Gle 4 40 = L E(C MU = i+ A = T = [(Crs = Codiind S+ (Ci = Co)J )

=—E QC; A+ g —{Co ] = Cill A, L)

J m

e A e) A Al — e —
=ZE C I[sz j+n}]m1 218(5]' ) v +nIJm +J;('n/) +2l€( _@j)ex_)j]_{cm}[nmn]z )]+ C 1 11 N m]+}

_],m
- (1) 4 A0 _ A 1gr7e). o) ) “e).
=72£_ éj +é[ +€-t At:|+ 42 Ci_j{[]ryell’A]++[nt’Jm ]+} {Cn1][nm?Jle ]+ U[;’AJ] }
J ~— Jsm

=0

1e _ !
= ZE {Cij I’Jm)]+ mj[nm ’.]ze)]+}'
Jjm
As a result for the interaction part of the heat current operator of granular metals, we obtain

gl = E(C s g o, — i)

(B18)

(B19)

So far we have omitted the last commutator (f’l(-”) in Eq. (B7), which would be an additional contribution to the noninter-

acting part of the heat current operator, jgl,o) in Eq. (B13). However, if this term is summed over i it vanishes and does not

contribute to J(h 0 However, for completeness we present the calculation of éf-”) here as well.
We define the commutator CE")

A( A1) A1) A Ay — 4 p
C = (6 €rjr— €€ N=A-B,
B!

and simplify the first the expression for operator 4B,
A(t 2 _ q'k' At
48,8 > (tl,j,a,k, rg i A g W g (t alka +ta GAik)
qu/ ’
S 88,0 108~ 8O il 1+ 10 980,804 = 8130, ]
irjr LijLOjiOq kA ir joGjq = Oit jOk' ¢ ) j, i Lij Kk gr9jg = Oftj q’q“zka LK
kaq.k'.q'

+tl/j/ t]t[5 ]5qrqal,k,a,k (S 5k’kajq g

Moreover the final step is

Att) _ k' k k AT A gk’ kg At A qq9’ kg At q'k kg AT
"= 2 E (t;; ,Ja L arlig = G 1 a; ) = 2 (t“ tk a; dj, — 1y, t,j dj q,aj’q)
kg i"\q’
K'q gk st A qkT kq' gkt qqqkT 4
+ 2 (15 t8ha, sy — & ,z i x) 2 (tif 4fa! g — 14 100G, )
1
P Pk ik 5T pkkaat & papkast qp kq 5 F
- 4 2 [tmt ljamp jl]+tmltl] m,p' jq tjmtljalka tjmtljalka
Jomk.q.p
Pagkst A Pq kst A _kqu"T _kquT
+tm]t]z m,p zk+tm]t]1 mp i ttmt]z tzmt]z mp]
Pk kq G. —IPkagt Pqakat 4 kp gk 4t
2 [tmll Iiitij Gmpjq t]mtzj a;, ka tmjt]l Ay p Qi — tzmty j.q m,g]
Jmkqp
1
- qp kq 5T — Pk
_2 2 [tjmtlj alka tmjtjl mp l,k]
Jsmk.q.p
9P fka
jm°ij
2 [ zkamp mp lk]
jmkqp
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wp + Qo

FIG. 7. (Color online) Lowest-order diagram for the heat-
electric current correlator of granular metals. The external bosonic
frequency is denoted by ) (wavy lines) and the internal fermionic
frequency by w. The electric and heat current vertexes are J_; and j_h),
respectively. The = denote the possible analytical structure of the
Green’s functions (straight lines).

The underlined terms cancel since tﬁ{j—tﬁ’;, which is also
used in the last step. If this expression is summed over i, we
can exchange indices m and i (and k and ¢) in the second

summand. As a result we obtain

(B23)

S éng

i.e., there is no additional contribution to the full heat current
operator J, in Eq. (B4) from this term.

3. Summary: Electric and heat current operators

To summarize this appendix we explicitly write the ex-

pressions for electric jl( and heat J(h) current operators,

<e)_l€2 (t lka gtk a;rqa,k) (B24)

X “(h,0) “(h,1
TP =g+ gy,

“(h,0 gk ﬂ kg At A k
.]Ej ) E [tq jka ;11 jq lk]

(e)

7(e)
(h 1) {nl ’J }+ {l’l] ’-]lm}+:| BZ
=—— . 5
i 42[ o (B25)

m

APPENDIX C: THERMOELECTRIC COEFFICIENT OF
GRANULAR METALS IN THE ABSENCE OF
INTERACTION

In this appendix we consider the thermoelectric coeffi-
cient 7© of granular metals in the absence of interaction in
analogy to Appendix A. The expression for the thermoelec-
tric coefficient in the linear-response theory is

PHYSICAL REVIEW B 79, 235403 (2009)

0. (C1)

Here a is the grain size and Q') is the correlator of the heat
current, j;lo) [see also Fig. 1(a)], and electric current, J,,
shown in Fig. 7.

For granular metals the important element of the diagram
is the tunneling matrix elements tfj‘l describing the coupling
between grains i and j. Therefore we derive an expression
for tkq in the following, assuming that i and j are nearest-
nelghbor grains and tk‘f is independent of the position in the
sample. In order to calculate the energy dependence of these
elements we assume the tunneling barrier between grains to
be a delta potential. For the one-particle Hamiltonian

H= ﬁﬁﬂxﬁ(x) the transmission rate for a single particle

with energy &,=gp+§, is

T (1 A )_1 {1 A (1-¢&/ )r
= + = + —
P 2ﬁ28,, 2h%ep P OF

2

2h -l
—TO<1+ gp/sF) . (C2)

Here Ty(1+ 2;;’ ) ! is the transmission rate at € ,=€p and we

use the fact that &, <ep. Next, we consider the case of large
barriers, in this regime 7,=T,(1+§,/ep). In granular sys-
tems we have many channels and have to consider tunneling
processes with energy &; in grain i=1 and with & in grain
j=2, ZZOCN(T[29|+T[272). So, we obtain

(&,&) = to(l + S 52) (C3)
€F

Therefore we have the following expression for correlation
function in Eq. (C1):

d! d! +
Q(O) - _ setéT(ﬁéO) . D1 P> (fl §2>

~(0) 2d+2
" %“ ’ em') emi\ 2

X(l g e §2>G(P1, n)G(pZ?wn'i'Qm)

z_;_de,omwﬂ( V2 J dédég(€1,6)

XG(gl’wn)G(§2’wn + Qm)’ (C4)

where n(o) is the unit vector in direction of the current
aefe, h} (ﬁ(o) »ﬁlo)>= 1/d is the result of averaging over the
angles, the summation goes over the fermionic Matsubara
frequencies w,=27T(n+1/2), and G(p,w,) is the Green’s
function defined in Eq. (A4) of Appendix A with momenta/
energies p,/ & of grain i. To shorter the notation in the fol-
lowing we neglect the momentum argument and attach the
grain index to G. In Eq. (C4) we introduce the notation
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d
g@h@)(a+§(1+f §)<+[2_4
EF

el

The factors in this order arise from the heat current vertex
Eq. (12¢), the energy correction to tunneling elements, Eq.

8
EF

(Cs5)

fmm@@ia(

@0,)G5(w, +Q,) + 2 Gi(

PHYSICAL REVIEW B 79, 235403 (2009)

(16), and corrections to the DOS due to finite Fermi energy
Eq. (A7). In the linear order in &/&y we obtain

(51 + fz)

E€F

gé.6)=&+&+ (C6)

We first perform the analytical continuation in Eq. (C4)
(for convenience the grain index is written as an index to the
Green’s functions),

©0,)G5(0,+Q,) + 2 GH(0,)G3(w, +Q,)

el —— ) 0eh —— el W J
51 5 53 (C7)
After analytical continuation we obtain

dw o)\ _
S =- 471_thanh o7 Gi(—10+1Q)G5 (- 1w), (C8)
S,=- f i Ttanh( )[G (—10)Gi (=10 —1Q) - Gl (- 10+ 1Q) G} (- 1w)], (C9)

)
dow o\ . "

Sy;=— 47nTtanh o7 G (- 10)G3(— 10 —1Q)). (C10)

Now we consider the derivative of the sum of (§;+S5,+S3) with respect to the bosonic frequency %| a=o- For brevity we omit

arguments —w of the Green’s functions,

0

dw
4T

w 0

/ tanh (7) (a—w
/ﬁ%tanh

0
2) 55

(S1+ S5 + S5) :/4dtha h( ) [(awG_> Gy — Gy (%G;> _ (%

61 ) (6 -61)+ (2

) o . )
G1>G;+Gl+ (%

@)

af ) (6 -6i)

exchange indices

(Gr —GY)

s[(G2-cf)m(cr

/dw

4T an

1)+(61-61)55(65 -61)

(G ~G1) (65— 61)) = [ Tt

P
(i)(‘?— [ 566Gy G+] (Cl11)

Now one can perform the integration over variables &, and &, using Egs. (C7) and (C11), and the residuum theorem

235403-14



THERMOELECTRIC AND SEEBECK COEFFICIENTS OF...

PHYSICAL REVIEW B 79, 235403 (2009)

d (&+8)°

23

L+6+

Jd§1d§2g(§l’§2)GTGTGE §=fd§1d§2

w+1/Q27)+ &+

i(w+ Q27+ &)?

(=& -1/Q2n)(w=-§& + l/(ZT))(w -5 -12D)(0-&+1/(27)

51’0=w+1/(27')

‘”J O @Bt o=t 027)

7727'2|:2w+ i/T+ —(2a)+ 1/7) }

52)0:w+1/(27')

(C12)

where the & values below the braces denote the poles in the complex plane used to perform the integration. As a result we
obtain the following expression for the derivative of the correlation function:

J d
L 00 = e 0 —wtanh< ) 477{2(» +1/T+ —(2w +1/7) }
Q0 | g 2d 8 2T 2ep
s J
= neto 2d+2[,,((10)]2f dw tanh( 2T> o [ 2—8F{2w +1/7[(dI2 - 1)w/8F]}2]
2+ (dR2 -1 2w?
= leto 22 SO P27y fdw[ ( . )W (moep)
4id F cosh*[w/(27)]
T8 220421 O ) 4d 772
2a 27)? . C13

In the second line in Eq. (C13) the derivative is taken into
account (removing the boundary terms of the partial integra-
tion) and the contributions of order 1/&7 or smaller are ne-
glected in the last line.

Finally, we obtain the following expression for the nonin-
teracting thermoelectric coefficient of granular metals:

T
d+2(V510))28_
F

’;
7](0) =- Tret a (C14)

One can rewrite this express1on using the relations v, )Dd
=ga*™, (0)—(6ad) ! and to g8/ (2m), where D, is the dif-
fusion constant, g is the tunneling conductance, and 9 is the
mean level spacing, giving

(0) —

s
n—=;%#%ma (C15)

APPENDIX D: THERMOELECTRIC COEFFICIENT OF
GRANULAR METALS WITH INTERACTION

In this appendix we consider the correction 7" to the
thermoelectric coefficient of granular metals due to the
electron-electron interaction, i.e.,
n=71"+ 7", (D1)
where 7 was calculated in Appendix C, Eq. (C14). The
structure of the diagrams Q1", 0®, and Q® contributing to
7'V are shown in Fig. 2 and we can write

14
d
a’T o) 0=0

(=,

7 ©V+0%+0%). (D2

These diagrams include the effect of elastic scattering of
electron at impurities described by diffusons, D~'=7,(|Q/
+€,0), and the effect of the dynamically screened Coulomb

potential V(g,Q,)=DV(q,,)D,

2E.(q)
Q] +4E(q)€, (|0 + €,6]

V(q’ﬂz) =

2€

-1
V 5Qi = 4 ) .
(g,4) 0+ e

1
(ZEAq)+ (b3)

The renormalized interaction vertices are (i) intergrain

d V() = a? f v(q,Q)E cos(G - @)

adg 2T Ed@)2, cos(G-a)
mIIQ] +4E(9)e |0 + €]

2m)°

(D4)

and (ii) intragrain

235403-15



ANDREAS GLATZ AND I. S. BELOBORODOV

FIG. 8. (Color online) Diagram describing the correction to the
thermoelectric coefficient due to the electron-electron interaction
corresponding to the term Q") in Eq. (D2). The external bosonic
frequency is denoted by ) (wavy lines) and the internal fermionic
frequency by w (straight lines). The electric and heat current verti-
ces are j: and J_h) (without Coulomb contribution), respectively. The
(red) triangles denote the diffusons D and the thick wavy line de-
notes the screened Coulomb interaction.

dg -~
(2;’)dv<q,ni>

[ d'dg 4d7E(q)
) em Q] +4E(9)e | + €61
(DS)

() = a®2d J

with €,=2g7{2d~2/cos(G-@)] where =/ stands for summa-
tion over all directions and orientations {iag(j())}, and

5 o |- In(ga), d=1
E.(q) ¢ _ 2 749, d=2 (D6)
2¢) 27/q? d=3

Explicitly, the contribution Q" in Eq. (D2) is given by

S
Q(l) - _ Ziet(z)Tzazwz(V&m)z 2

®,,Q;

X(Q) ="+ 0 ),

déidegF D)
(D7)

with g,,=g(&,,&,) defined in Eq. (C6) of Appendix C. Here
we introduce the function

FO23%9) = G (w, + Q)G (@, + O, + Q)G (w,)

XG(w, + ), (D8)
where s; denote the analytic structure of the Green’s func-
tions implying restrictions on the frequency summation—in
principle there are 16 different combinations of the s;’s, see
Fig. 8. However, only the two diagrams Q=) and Q/:*%)
contribute to the correction 7'"). The other analytical struc-
tures do not have valid frequency domains or poles are lo-
cated in only one-half plane of C. For the contribution Q) in
Eq. (D2), Fig. 9, we have the following expression:

S
Q(2) - _ ZetéTZaZdﬂ(v&O))z EQ dgldgzg12F(2S15233)q)8)(9i)

=2[Q% + 0>+ 0], (DY)

where
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FIG. 9. (Color online) Diagram describing the correction to the
thermoelectric coefficient due to the electron-electron interaction
corresponding to the term Q@ in Eq. (D2). All notations are the
same as in Fig. 8

F129) =[G, + Q) PCHw, + O, + Q)G (w,).
(D10)
Due to symmetry all three contributing diagrams in the right-
hand side of Eq. (D9) have a factor of 2. Again, out of the
eight possible combinations for s;, s, and s3 only three
combinations—Q®** 02*) 02-*-)_have a valid or
nonzero analytical structure.

The diagram Q©®), shown in Fig. 10, describes the contri-

bution of the correlation function with the interaction part of

7(n,1)

the heat current operator, J;; (see Appendix B), and has

therefore a different structure in comparison with contribu-
tions OV and 0@,

K
Q(3) - _ 2_d€l%T2a2d+2(V§0))2 E
wn"Q‘i

X f d&\dégsFS Y D5(Qrg),  (D11)

with
F12%9) = G (@, + O, + Q) G0, + Q,)G(w,)
(D12)

and

83(51,52)=2<1 +M>[l +(C—Z— l)é]
&r 2 er
X{l + (é— 1)2}
2 ep

=2{1 + i(gl + gz)} +0(&e}). (D13)

28[:

Since the linear part of function g5(£,&,) has a factor &',

+Qm +€
%

Wn

FIG. 10. (Color online) Diagram describing the correction to the
thermoelectric coefficient due to the electron-electron interaction
corresponding to the term Q®) in Eq. (D2). All notations are the
same as in Fig. 8, but here the heat vertex corresponds to jf'] and
the diagram has only one diffuson.
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the main contribution to 7"’ from the diagram Q® is of the
order of T?/&7, whereas Q" and Q® have 1/& contribu-
tions, which we only consider here. Therefore we will not
consider diagram Q) any further. In the following we dis-
cuss the five diagrams contributing to 7" in details, espe-
cially their analytical structure and the resulting restrictions
on the frequency summations: Q»=) QU+%) Q2=+
Q<2’t_), and Q(Z,I—).

1. Calculation of contribution **) in Eq. (D7)

Here we discuss the contribution Q"**) introduced in
Eq. (D7). The analytical structure of this diagram (Fig. 8),

§1+§2+2

PHYSICAL REVIEW B 79, 235403 (2009)

defined by indexes s, to s, in Eq. (D7), demands

w0,+Q,>0, 0,+Q,+Q,<0,

©,>0, w,+,;<0. (D14)

These inequalities define the limits of frequency summa-
tions,

0<w,<-9,-Q;, and Q,<-Q,. (D15)

First, we calculate the ¢ integrals in Eq. (D7) using the resi-
due theorem,

d (§1+§2)2
eF

déd
J ‘i gz[l(wn +Q,) = &+ 12w, + Q, + Q) = & = /2D 10, = & + 1/ 27)][1(w, + Q) = & —1/(27)]
“ ' J

& ,0=z(wn+&2m+(),i)—1/(27') eC™

L12w, + 9, + Q) - (2w, + Q,, + Q)

=—(2m)

N~
& o=t +il(27) € cr

447 d

(= Q;+ /D= 1/7)
_ 4T
Q-1

where in the last line we introduce the function

g(2) =z+[dI(2ep) 1.

- Q- 1/7)? !

)Zg[z(an +Q,,+ Q)] =47 7g[12w, + Q,, + Q)]
-

Qw,+Q,+Q) - —Qw,+Q,, +Q,)?
28F

(D16)

(D17)

For the final approximation we used the fact that [{)/7<1. The poles for the residual are written below the underbraces.
Using the result of integration over &, and &, in Eq. (D16), we can simplify the expression for this diagram to

2as

Q=) =~ Teth272a2d+2(V;°>)2 > oVQ)eli2w, + Q, + Q)] (D18)
0<a’n<_Qm_Qi
0,<-Q,,
2. Calculation of contribution Q"*¥) in Eq. (D7)
Here we discuss the contribution QU'"**) defined in Eq. (D7). The analytical structure of this diagram demands
0w, +0,<0, w,+Q,+Q,>0,
0, <0, w,+Q;>0, (D19)
which defines the limits of the frequency summations,
-0, <w,<-Q, and Q;>Q,. (D20)
We first perform the ¢ integrals in Eq. (D7),
(&+&)
f d§1d§2[§1 +6H+ 52—,]
[, + Q) = & = /D)@, + Qp + ) = & + 127 10, = & =120 (@, + ) = & +1/(27)]
C J
& ’O:l(wn+Qm+Qi)+l/(2’T) eCc*t §2,O:”"nlg(27) eC™
l(zwn + ‘Q‘m + Ql) - ﬁ(zwn + ‘Q‘m + Qi)z 4772g[l(2wn + Qm + Ql)]
= = > ~ 47 7g[12w, + Q,, + Q,)].
(=1Q; =D+ 17 (Q;+1/7) (D21)
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Substituting the result of Eq. (D21) back into Eq. (D7) we
obtain

N
QUFF) = _ —et(z)T272a2d+2(v£10))2 > q)g)
d Q<opun<-0,,
0,<-Q,,

X(Q)g[12w, +Q,, + Q)] (D22)
3. Calculation of contribution Q*** in Eq. (D9)

Here we discuss the contribution Q'>=* introduced in Eq.
(D9). The analytical structure of this diagram demands

0,+Q,>0, 0,+Q,+Q,<0,

w,>0, (D23)

which defines the limits of frequency summations,

PHYSICAL REVIEW B 79, 235403 (2009)

0<w,<-Q,-Q;, and ;<-Q,. (D24)

For symmetry reasons we write both versions of the integrals
(diffusons on grains 1 and 2) and therefore already take the
factor 2 in front of the Q® subdiagrams into account in the
right-hand side of Eq. (D9). Furthermore we introduce the
short notation for the Green’s functions,

ai(g) = l(wn + Qm) - f * l/(ZT)a
b.(§) = 1w, +Q, + Q) =& 1/(27),

c(§) =1w,- EX1(27).

In the following we only need the poles of functions b (&)
and c.(9): &=1(w,+Q,+Q)*1/2DeC* and &9
=1w,*1/(27) € C*. We also use the function g, introduced
in Eq. (D9).

Therefore the ¢ integrals in Eq. (D9) can be written as

(D25)

f d&dég (& + EN[a(E)b_(E)c ()T +[a2(E)b (&) (E)T"

a2 (&)b_(&)c, (&) +ai(E)b_(&)c, (&)

= f dédég(é+ &)

1
=2m| d °)
“’J S b E)end) {g[f‘ &
g[fl + f(_b)]

az(&)b_(&)c,(€)az(&)b (&), (&)

c (&) gl +EMNa(E)b (&)
B a2[€0]

c)
=2mfd§1{ g[§1+§ﬁ- ]

_ . D26
2a2(£)b_(£) ai[:;-ib>]c+(a)} (D26)

Here we executed the ¢, integral and used the fact that the
first term in the second line only has one pole in C* (factor
). We are left with two terms where the second one only
has a single & pole in C* which gives another factor .
However, both terms give the same result,

(oSEO ) 4100, +0,+0)]
ai[é_b)] B (=1 + 1/7)? -
- 47 7g[12w, + Q,, + Q)].
(D27)

Substituting the result of Eq. (D27) into Eq. (D9) we obtain

. 27
20254 = 2 et%Tzvlaz‘l*z[vij)]z E q)f)
0<w,<-Q,,-Q;
0;<-Q,,

X (Qi)g[l(zwn + Qm + Ql)] . (D28)

The notation introduced in this appendix allows us to write
down the Q@77 and Q>*") contributions in Eq. (D9) by
just changing the +/— indices.

4. Calculation of contribution Q¥ in Eq. (D9)

Here we discuss the contribution Q> introduced in Eq.
(D9). The analytical structure of this diagram demands

w0,+Q,<0, 0,+Q,+Q,>0,

w, <0, (D29)
which defines the limits of frequency summations,
-Q0,-0,<w,<-Q, and O,;>0.

(D30)

Using the notations introduced in Eq. (D25) the ¢ integrals in
Eq. (D9) can be calculated as
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f dédég(é + Ez){[af(&)b+(§1)c_(§2)]“ + [az(fz)b+(§2)6_(§1)]_l}
a2(&)b,(&)e_(£) +a(&)b,(£)c (&)
= | d&d
f b8t &) e (e (e )b E)e ()

orc-(&) sl + &M ()b (&)
){_ [& + g()]c & L8 1t 2[2(;;1 1}

d
”’f fla%@l)m(foc_(a

e+ &) | ol é’”]}
=2m| d
f gl{ 2326 LD e (&)
ol )

a’[€"]
Substituting the result of Eq. (D31) into Eq. (D9) we obtain

- 47 7g[ 12w, + Q,, + Q)] (D31)

_, 27
2027 = Tser§T272a2d+2(uf,°>)2 > P2(Q)gl12w, +Q,, + Q)] (D32)
-0,-0<w,<-Q,,
Q;>0

5. Calculation of contribution Q‘**~) in Eq. (D9)

Here we discuss the contribution Q>*~) introduced in Eq. (D9). The analytical structure of this diagram demands

w,+Q,>0, 0,+Q,+Q,<0,

m

w, <0, (D33)
which defines the limits of frequency summations,
-0, <w,<0 and Q;<-Q,, (D34)
and the disjunct region
-0,<w0w,<-Q,-Q, and -Q,<Q,;<0. (D35)

Using the notations introduced in Eq. (D25) the £ integrals in Eq. (D9) for this diagram can be calculated as

f dédég (& + ENa(E)b_(E)c (&) +[al(E)b(E)e_(E)T}

aX(&)b_(&)c (&) +at(€)b_(&)c (&)
ai(gl)b—(gl)C—(gl)a2(§2)b (&)e(&)

. c_(s) | 8le +EPa3(&)b_(&)
){_ [‘fl g()] : : z[g(b)]l 1

=fd§1d§28(§1+§2)

1
2 d
”’f S e (e &
- dg{_ e+ £ gle+ £ }
U2a2e)b (&) @2léMe (&)
c) b
"4”2g[é2[;5]
~ 4 Pg[1Qw, + Q,, + Q; - 1/7)]. (D36)

Substituting the result of Eq. (D36) into Eq. (D9), taking into account the two disjunct regions for the frequency summations,
we obtain

277

Y s
20%*) = y etéT272a2d+2(vflo)) ( 2 + 2 )Cl)g)(ﬂi)g[l(an +Q,+Q,-1/7]. (D37)
-Q,<0,<0 -0, <0,<-Q,-Q;
0<-0, ~0,,<0,<0
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6. Analytical continuation

Here we combine all five contributions to calculate the correction 7", Q=% QL% 9=+ 025 and 0=~ intro-
duced in the right-hand sides of Eqs. (D7) and (D9) and discussed in Appendix D, Secs. D 1-D 5. We focus in particular on
the analytical continuation of the Matsubara to real frequencies, both for the fermionic and bosonic frequencies. Using Egs.
(D18), (D22), (D28), (D32), and (D37) one can write

Q(l)+ Q(2) — Q(l,ii) + Q(l,ii) +2[Q(2,i+) + Q(Z,i—) + Q(Z,i—)]
=\T > 2w, +Q,+0)]- X 2oNQ)eliw,+Q, + Q)]

0<w,<-Q,~; -0;<w,<-Q,,
0,<-0,, 2,<-Q,,
+ 2 PODQ)elRw,+Q,+ Q)]+ X PONQ)g 20, +Q,+ Q)]
0<w,<-9Q,-Q; -0,;<w,<-Q,,
0,<-0,, ;>0

- 2 TZCDE,%)(Qz)g[l(zwn + Qm + Qi - 1/7)] - 2 #Qg)(ﬂt)g[l(zwn + Qm + Qi - 1/7)] s

-0,,<0,<0 -0, <0,<-Q,-Q;

0,<-0,, -0Q,,<0;<0

(D33)

where we introduced the notation )\—z—wz’et Ta**?(11)2, and the functions ®V(€);) and ®?(Q,) were defined in Egs. (D4)

and (D5), respectively.
Next, we perform the summation over fermionic frequencies w, in Eq. (D38) by shifts and the corresponding analytical
continuation,

2 f(win) = 2 - 2 f(win) = 2 [f(win) _f(wn - Qm - ‘Q’i’Qi)]’
0<wn<_Qm_‘Qi wn>0 W= Q‘m Qi a)”>0
0,<-Q,, 0;<-Q,, Q;<-Q,, Q<-4

2 f(win) = 2 - Z f(wn’Qi) = E [f(wn - Qm’Qi) _f(wn - Qi’Qi)]’

-0<w,<-Q, 0, <-Q, 0, <-C; ,<0
0,<-Q,, >0, >0, 0;>Q,

2 f(wn’Qi) = E - E f(wn,Qi) = E U(wn - Qm,Qi) _f(wn - Qi - Qm’Qi)]’
-Q,-Q<w,<-Q, ®,<-0Q,, 0,<-Q,—Q; ,<0
Q>0 ;>0 Q>0 | ;>0

S fo®=| S - 32 |fen= S fwn)-flw,-0,.0)].

-0,<0,<0 ®,<0 0,<-Q,, ®,<0
0,<-Q,, 0;<-Q,, 0;<-Q,, | 0;<-Q,,
E Ao, Q) = E - E Ao, Q) = 2 Ao, -, - Q,Q) - flw, - Q,,Q))]
-0,<0w,<-Q,-Q; 0,<-Q,-Q; 0,<-Q,, ®,<0
-0,,<0,<0 -0,,<0,<0 -0,,<Q,<0 -Q,,<Q,<0
= E U(wn_Qm_Qi’Qi) _f(w QmsQ )]_ 2 U(wn Q stQ) f(w ms )]
®,<0 ,<0
Q[‘<O Qi<—Q

m

(D39)

Here the function f(w,,();) is the product of the functions 7'2CI)(")(Q ) and g. For the analytic continuation we need to consider
the w dependence of function CID (Q) in particular we can use the fact that [which follows directly from the definition of
functions ¢)(“ in Egs. (D4) and (DS)]
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D=7, (D40)
where @8’1) is the same as <I)Ef) but with 7, replaced by 7, and is therefore @ independent. Using Eq. (D40), we obtain

Q(]) + Q(Z) - Q(l,ii) + Q(I,II) + 2[Q(2,i+) + Q(Z,i—) + Q(2,i—)]

= )‘Tl > [, - CDZ)(Q)]Tzfdwtanh( ){g[2w+l(Q +Q)]-g[20-1(Q,, + Q)]

4mT 0,<-Q,,

+ Y o) f dwtanh(%){g[2w+z(—Qm+Q,-)]—g[2w+l(Qm—Q[)]}

0;>Q,,

- q><2>(9)72j dw tanh( ){g[2w+z( Q,,+ Q)] - gl20-1(Q,, +Q)]}

;>0

+ > q)(()2>(95)720f dw tanh(%){g@w +1(Q,+ Q- 1/D]-gRRo+1(-Q,,+Q; - 1/7)]}
0,<-0,,

+ 2 oY) f dwtanh( ){g[zw 1(Q+ Qi+ D] = g[20+1(= Q, + Q= D]}
;<0

- > P07 f dw tanh(2—°’T>{g[zw-l(Qm+Q,.+ D] -glo+1(-Q,,+Q,— 1/D]}. (D41)
0,;<-Q

m

Next, we consider the integrands in Eq. (D41) and introduce the short-hand notations

a=g2o+1(Q,,+ Q)] -g[2w—-1(Q,, + Q)]=2:(Q,, + Q)(1 + 2dw/ep),
a=g2o+1(-Q,+ Q)] -g[20+1(Q,,— Q)]=2:(Q; - Q,)(1 + 2dw/ep),
a3 =gRo+1(-Q,+ Q)] -g[20—1(Q,, + Q)] =210, +2Q,d 2wt + )/ eF,
a,=gRo+1(Q,+Q;-1/7D]-gRo+1(- Q,+ Q; = 1/7)]=2Q,,1 + 2Q,d/ep(1/ 7, + 210 — (),

as=gRo—-1(Q,+Q;+ /1] -g2w+ (- Q,, + Q; = 1/7)] == 21Q; - 2dQy/ep(1/ 7, + 210 - (). (D42)

Now, we extract only the terms that are linear in @ in Eq. (D42) and of order 1/& (thus the 7, in a4 and a5 does not give a
contribution). Therefore we obtain

a; =2wi(Q,, + Q)2d/ep,
a, =2wi(Q; - 0,)2d/ep,
a3 =2w102d/ep,
ay =2wi),2d/ep,

as=—2wiQ2d/eg. (D43)

Substituting the result of Egs. (D43) back into Eq. (D41) we obtain
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Q(l) + Q(Z) — Q(l,ii)+ Q(I,I:) + 2[Q(2,i+) + Q(2,1—) + Q(Z,i—)]

2742d\T
SSOER S [00Q) - dP(Q)] f d tanh(w/2T)w(Q,, + ;)
47TlT8F Qi<_9'm

+ > o) f dw tanh(0/2T) w(Q; - Q,) - >, ®2(Q) J dw tanh(w/2T)wl),
0>, Q>0

. q)gz)(Qi)f dow tanh(w/2T)wQ,, - >, CDg)Z)(Qi)f dw tanh(w/2T) ),
0,<-Q,, ;<0

+ > P, J do tanh(w/ZT)le}

O'i <_Qm

=x’{— S [0Q) - PO+ 0+ S dP@IQ-0,)- S P @),

0;<-Q,, 0.>Q, Q>0
+ 2 0P, - > oPQ)0+ X Pl (D44)
0;<-Q,, ;<0 0,;<-Q,,

~ 3
In the last two lines of Eq. (D44) we introduced the notation )\:% Jdww tanh(w/2T) where we use the fact that

Jdoo tanh(w/2T) H_gw_gﬁ’ neglecting the infinite boundary terms of the partial integration.
Using the fact that the functions @82)(9,-) in Eq. (D44) depend only on the absolute value of the bosonic frequency (), we
finally obtain

0V 0@ =2\, X [®P(Q) - PP (Q)Q,,+Q), (D45)
Q,<-Q,

3 . . . . .
where we use the notation \; =—zTﬂjse(Tot0v£,O)ad”)2§—F. The internal frequency summation is also done by analytical continu-

ation, but for bosonic frequencies Qi—>—lﬁ+ 7. Before the final integration we should take the external frequency derivative
and finally calculate the q integrals of the @, functions. Using Egs. (D4) and (D5) we have

dq ZEC(q)[2d - cos(q - a)]
(27T)d 7%(|‘()’l| + 4Ec(q)6q)(|Ql| + €q5) )

P(Q) - PP(Q) =a’ (D46)

Using Eq. (D46) one can calculate the sum over the internal bosonic frequencies (); in Eq. (D45),

E Q,, +Q;
Q0,<-0,, (1] +4E.(9)€,1(|Q] + €,0)
Q.

1

) Sllz<0 [_ ‘Q’i + Qm + 4Ec(q) eq](_ ‘Q’i + Qm + Eq(S)

SQZ

~ f [- 4mT] (- 1Q)coth(Q/2T)dQ
[1Q+Q, +4E.(q) eq][lﬁ +Q,, + €,0]

_ f [- 47T]'x coth(x)dx
) {x - 510, +4E(Q eI x - 5(Q, + €,0)]

(D47)

Only the terms proportional to the external frequency (), in Eq. (D47) contribute to the correction of the thermoelectric
coefficient 7" in Eq. (D2). Taking the derivative of both sides of Eq. (D47) we obtain
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d

Q)

x coth(x)dx

Q=0 (x - 2(_17 - LTZEc(Q)eq)(x - % - 2#6115)

s 1 1%
0=0 o= 47T (9Q

1 1 1
T SWTZJ * coth(x)dx[ (x —1a)*(x — 1b) " (x —1a)(x — 1b)?

1 x coth(x)dx[2x —i1(a + b)] 1
- zf 2 7 = o qalab (D43)
87T (x —1a)*(x — 1b) Rk
where a=2E.(q)€,/T and b=¢,6/(2T). Finally, we use the approximation
th(x) Lo ki< (D49)
x coth(x) = . =1,
and obtain for the integral /,, in Eq. (D48) the following result:
In[(1 +a?)/(1 +b?)]
ab= l (a _ b) . (DSO)
For a>1>b,
2 1In T In[2E. /T
_2ma_ ThDE(QeT] s
a EC(Q) Eq
Thus, for Eq. (D48) we obtain
J —1 In[2E, /T
g ] REGeyT) 52
Q| g0 87T E.q)e,

Substituting Eq. (D52) into Eq. (D46) we obtain for the correction to the thermoelectric coefficient the following result:

N N [2d -3 coslq- a)]ln[ZEc(q)eq/T]
T T aa R f 9 - : (D53)

7. Final integration and results

In Eq. (D53) we are left with the final integration over internal momenta q. Therefore we need the functional dependence
of €, and E.(g) on q, which were introduced around Eq. (D6) as

€= 2gT[2d - 2; cos(q - a)] (D54)

2 P —In(ga), d=1
=—\ wlq, d=2 (D55)
2C(q)

27lq®, d=3.

Ec(q) =

S)

The final q integral can therefore be written as

(1)

X
”zﬁﬁﬂﬁgfwmwwmm_ D56

The q integral is a cutoff at g=m/a. In d=3 the In argument is finite at g=0. In d=2 the volume element makes the integrand
at ¢g=0 finite. The coefficient in Eq. (D56) can be simplified to
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-\ s etsa®™?

4r?2mig 7 62mT g

such that in d=3 we obtain

PHYSICAL REVIEW B 79, 235403 (2009)

T 77(0) a \?¢
e e g

- — (D57)
ep 2mgr\2m

© 3 167e’g,3 — cos(ag,) — cos(aq,) — cos(aqg. (0) 37204 2
ﬂng)=— 7 <i> qu ln[ ™81 (ag.) lag,) (ag,) S,/ R L 16e—gT7T/T +c3.
a

aT (ag)?

_27TgT 27/ a*| 3

(D58)

Here ¢3=[dq In{[3-cos(mq,) —cos(q,)—cos(mq,)]/ (7q)*} and the integration is over the unit sphere. However, this numeri-
cal constant (and all the others inside the logarithm) can be neglected, since E./T>1 and g;> 1.

For d=2 we obtain

2 a

2m) a

_ 0 2 82 _ 0 2.3 8e2
7](23 - <i> f dq ln[ eTgTW[?a —cos(agq,) — cos(aqy)]/(aq)} — (i) —Z{In eTgTW + cz} , (D59)
a

2mgr

. 2- - .
with ¢,=[ dfln[—’—cos(wq;q cos(mg 1.

2mgr

a. Final results

Now, we can summarize our final results in d=2,3 for the thermoelectric coefficient (only the functional dependencies of

the correction terms are kept under the logarithms),

s
7% == et

(1) _ S7T3 8615 2

m— 1
D 54 g O( EF

4 2
(1) _ s ea (0))211n(e_gT> __n
g er Ta 8

T
Vgo))z_ll’l

T

(D60)
€F

62 (0)
) o T yn(E,gT), (D61)

lng

(0)
—1In(E_g;/T), (D62)

81

or combined in a compact way (valid for d=2,3), we obtain the following final result for the thermoelectric coefficient of

granular metals:

7= 77(0)<1 _

E.
1ngT—‘) . (D63)

4dgT T
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